Abstract. We present a theoretical description of the thermal fluctuations in a solid-supported stack of lipid bilayers, for the case of vanishing surface tension γ = 0 and in the framework of continuous smectic elasticity. The model is successfully used to model the reflectivity profile of a thin (16 bilayers) DMPC sample under applied osmotic pressure and the diffuse scattering from a thick (800 bilayers) stack. We compare our model to previously existing theories.
ent parameters influencing the scattering signal in order to achieve a comprehension of the spectra before the (sometimes subtle) effect of the included molecules can be confidently assessed.
One of the most characteristic hallmarks of lamellar systems (exhibiting one-dimensional order) is the LandauPeierls effect, whereby the long-range order is destroyed by thermal fluctuations. Ever since the seminal paper of Caillé [5] , this phenomenon has been studied in great detail, first in the bulk [6, 7, 8, 9, 10, 11, 12] and subsequently in thin films [13, 14, 15, 16] , mainly under the influence of extensive experimental studies on freely-suspended films of thermotropic smectics (see [17] for a review). Recently, theoretical models were developed for the study of fluctuations in smectic films on solid substrates [18, 19] , taking into account both the surface tension at the free surface and the boundary conditions imposed by the substrate.
In this paper we describe the thermal fluctuations in a solid-supported stack of lipid bilayers, concentrating on the (experimentally relevant) case of vanishing surface tension at the top of the stack. The influence of the substrate is only considered inasmuch as it limits the fluctuations of the bilayers, neglecting direct interactions (e. g. van der Waals, electrostatic) which can become important in the case of very thin films.
The paper is structured as follows : in section 2 we discuss the positional fluctuations of the layers in a solidsupported stack in the framework of continuous smectic elasticity, taking however into account the discrete nature of the system by the limitation of the number of modes along the normal direction. In contrast with (free-standing or supported) films of thermotropic smectics, for fully hydrated lipid multilayers the surface tension at the free surface vanishes. This greatly simplifies the theoretical treatment of the fluctuations. We conclude this section by a discussion of the in-plane variation of the correlation function.
Section 3 starts with a discussion of the specular structure factor S(q z ). We then consider the influence on S of the coverage rate, which can vary due to the preparation technique or to partial dewetting upon hydration. We compare our model with experimental data on the specular scattering and then with an estimate of the in-plane correlation function obtained from the diffuse scattering signal.
Smectic elasticity
We consider in the following a solid-supported sample with periodicity d, of thickness L = N d and extending over a surface S in the plane of the layers. We take the origin of the z axis on the substrate, so that z = L gives the position of the free surface. The in-plane position is denoted by r ⊥ = (x, y).
Model and fluctuations
The simplest description of smectic elasticity is provided by the continuous smectic hamiltonian :
Following the treatment of Poniewierski and Ho lyst [20] , we shall decompose the deformation over independent modes; first, we take the Fourier transform of u(r ⊥ , z) in the plane of the bilayer :
The free energy (1) can now be written as the sum F = q ⊥ F q ⊥ , with :
The boundary conditions for the u(q ⊥ , z) components are :
The first condition (4a) simply states that the fluctuations go to zero at the substrate; the second one (4b) is necessary in order to write F q ⊥ in (3) as a quadratic form [14] .
Physically, it expresses the continuity across the interface of the σ zz component of the stress tensor.
The correlation function of the fluctuations can be defined as :
where · denotes the ensemble average. From the WienerKhinchin theorem, its Fourier transform is :
We then expand u(q ⊥ , z) over the orthonormal set of harmonic functions f n (z), chosen to fulfill the boundary conditions (4) :
where the summation goes from 1 to N , instead of ∞, because only N components are required to describe the position of the N bilayers (this amounts to restricting the summation to the first Brillouin zone). Keep in mind, however, that the index n denotes here a particular deformation mode and not an individual bilayer.
Finally, the free energy can be written as a sum of inde-
where the "stiffness" A(n, q ⊥ ) associated to each mode depends on the elastic constants B, K and γ. The equipartition theorem yields :
with δ mn the Kronecker symbol. Plugging (7) in (6), one has :
We can now Fourier transform back to the real space domain :
where r = |r ⊥ | is the in-plane distance (the ⊥ symbol can safely be omitted).
2.2
The case of vanishing surface tension (γ = 0)
Until now we have presented the general formalism; in each case, we must find the orthonormal set of functions f n (z), which are selected by the boundary conditions, and then determine the amplitude of each mode |δu n (q ⊥ )| 2 (or, equivalently, the stiffness A(n, q ⊥ )). This is what we shall now do for the case when γ = 0, which is not only the simplest, but also the one relevant for systems of fully hydrated membranes [21] .
The boundary conditions (4) are in this case : u(q ⊥ , 0) = 0 and ∂u(q ⊥ ,z) ∂z z=L = 0, so the set of f n (z) is :
The amplitudes are given by :
where ξ Finally, from equation (10) we have : 
A first observation is that the fluctuation amplitude
is always finite; the physical reason is that the presence of the substrate sets a lower boundary on the value of the wave vector in the z direction : from equation (11), q z ≥ π/2L, thus forbidding the soft mode with q z → 0 and suppressing the Landau-Peierls instability. Hence, there is no need for a lower cutoff in the integral in equation (10).
It is immediately obvious that M(0) = π/4, so the correlation function for r ⊥ = 0 reduces to the simple formula :
which we shall use in determining the specular scattering of the sample (subsection 3.1). It is noteworthy that this function varies as
number of layers, so that any change in the thermodynamic parameter η only results in a scale factor. This is very convenient for fitting the scattering spectrum of the system (see section 3), since the time-consuming calculation of the correlation matrix between the layers must only be performed once, and adjusting the η and d parameters only changes a prefactor.
1 It can be represented in Mathematica by the sequence :
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As an illustration, we present in Figure 2 Note the sigmoidal shape of the function in the first case and the very sharp peak in the second one. 
where γ = 0.5772 . . . is Euler's constant and the digamma function ψ(z) is the logarithmic derivative of the gamma function, given by :
The same divergence spuriously appears even for a finite L when the stack is treated as a completely continuous medium, without limiting the number of q z modes to N (formally, this amounts to letting
In this case, after summing over the q z modes, an artificial lower cutoff has to be introduced in the integral over q ⊥ , as in reference [14] . A comparison between our results and those obtained by this method is presented in the Appendix.
In-plane variation
We shall now consider the r variation of the correlation function. At this point, it is convenient to introduce the correlation of the height difference g(r, z, z ′ ) defined by :
which has the advantage of remaining finite (for finite values of r) even in unbound systems. We shall further write the argument of the M function in equation (13) as :
r ξ , where ξ = √ λd emphasizing that, for a given number of layers, the r variable in C(r, z, z ′ ) and g(r, z, z ′ ) scales with the correlation length ξ. The physical significance of this quantity can be seen as follows [22] : for distances less than ξ, the layers fluctuate independently, while for distances greater than ξ the fluctuations are coherent from layer to layer. For an unbounded medium (translation invariance along z) it was shown [15] that, for z = z ′ the g(r) function behaves as
if r < ξ and as
if r > ξ. In the limit r → ∞, g(r) diverges logarithmically, as it is well-known from the continuum theory [5] .
We present in Figure 3 the height difference self-correlation function g(r/ξ, z, z), computed from equations (17) and (13) for a stack of 800 bilayers.
In the low r limit we find that, for all values of z, g(r) is very well described by the asymptotic form (18) . For high values of r/ξ, the divergence (19) is replaced by saturation to a value of g(r → ∞) = 2C(0).
As we shall see in subsection 3.5, the self-correlation function g(r) can be extracted from the diffuse scattering signal; however, when g also depends on z this signal will be an average over the positions in the stack. Also shown is the average value gavg(r) (dotted line).
Scattering
As discussed in the Introduction, notable differences appear between the scattering signal from bulk smectic phases and from solid-supported films. Even if the latter contain thousands of bilayers, the clear separation between specular and diffuse scattering shows that the Landau-Peierls effect is suppressed [23] .
Specular scattering
In specular reflectivity studies, the incidence and reflection angles are equal : α i = α f , corresponding to q ⊥ = 0. As we shall see below, in this case only the correlation at zero in-plane distance (given by formula (15)) is relevant.
For simplicity and to emphasize the discrete nature of the stack we shall use the notation C(0, nd, md) ≡ C(n, m).
The specular scattering factor of the lamellar stack (without taking into account the substrate) S(q z , q ⊥ = 0)
can be written as [29, 15] :
The spectra are corrected for the diffuse scattering by subtraction of an offset scan [2] . 
Accounting for partial dewetting
Fully-hydrated lipid multilayers differ from freely-suspended smectic films in that their thickness is not constant; partial dewetting leads to a variation in thickness over the area of the sample [24] . Notably, this leads to an obliteration of the Kiessig fringes, due to interference between the external interfaces of the system. We take this effect into account by introducing a coverage rate for each layer, f (n), which is 1 at the substrate and decreases on approaching the free surface. The structure factor then reads :
For the coverage function we chose the convenient analytical form f (n) = 1 − n N α 2 , where α is an empirical parameter controlling the degree of coverage. This is a convenient method, but not a very precise one, insofar as the fluctuation spectrum is still calculated for a fixed number of layers, N . In the limit where the size of the domains with a given thickness is larger than the X-ray coherence length, an alternative approach would be to incoherently (no cross-terms between domains) average over a distribution depending on the total layer number P (N ).
Describing the reflectivity profile
In order to model the reflectivity profile of our system, besides the structure factor of the stack one needs the form factor of the bilayers. Furthermore, the presence of the substrate must be taken into account. This is done using a semi-kinematic approximation, where the reflectivity of a rough interface is expressed by the master-formula of reflectivity [25] :
where R F denotes the Fresnel reflectivity of the sharp interface and ρ(z) is the intrinsic electron density profile whereas ρ 12 is the total step in electron density between the two adjoining media (silicon and water, in our case).
For the electronic density profile of the bilayer we use a parameterization in terms of Fourier components [2] , which has the advantage of describing the smooth profile of lipid bilayers using only a few coefficients. For one bilayer we have : The total density profile is given by the density profiles of the N bilayers (weighted by the coverage factors f described in subsection 3.2) to which is added the profile of the substrate, described by an error function of width the rms roughness of the Si wafer (this quantity can be independently determined from the reflectivity of the blank wafer and is typically worth 8 − 10Å for all our measurements).
Effects related to the finite instrumental resolution and sample absorption are completely negligible in thin samples and were not implemented. can give better account of the experimental data than the bulk correlation function used before [15, 32] . In particular, it reproduces the observed saturation regime at high r, while the bulk correlation function diverges logarithmically. However, systematic discrepancies between data and This needs to be investigated in future studies. Finally, a more detailed treatment of the z-dependence is needed, since the experimental analysis determines a correlation function which is averaged over the scattering volume.
Conclusion
The presence of a substrate dramatically changes the thermal fluctuations in lipid multilayers. Most noticeably, the Landau-Peierls instability is suppressed. We present a theoretical model taking into account this feature and show that it describes very well the experimental reflectivity data. Reasonable agreement is also obtained for the diffuse scattering. Our result is a first step towards a unitary interpretation of the global (specular and diffuse) scattering signal of solid-supported lipid multilayers.
Appendix. Comparison with previous results
In order to assess the validity of our method, we compared our results with those obtained by Romanov and Ul'yanov by a rigorous treatment of the discrete model [19] . However, they only show data for smectic films with a rather high surface tension (γ = 30 mN/m). Thus, we chose their thickest film (21 layers) and only compared the values of C for the bottom half (close to the substrate), where the surface tension plays a lesser role. As shown in Figure 7 , the agreement is quite good.
We also compared our results to those obtained by Shalaginov and Romanov [14] , who also used a continuous model, but without restricting the number of modes. For a solid substrate and a vanishing surface tension at the top, their equations (18a) and (22) lead to : 
